Abstract: In this study, a class of dynamic models based on metabolic reaction pathways is analysed, showing that systems with complex intracellular reaction networks can be represented by macroscopic reactions relating extracellular components only. Based on rigorous assumptions, the model reduction procedure is systematic and allows an equivalent 'input-output' representation of the system to be derived. The procedure is illustrated with a few examples.
INTRODUCTION
Much effort has been put towards the mathematical description of mammalian cell cultures during the last few decades. Early attempts revealed a very global view of the cells acting as biocatalysts that reproduce themselves, excrete metabolites and often overexpress proteins of interest, e.g. for pharmaceutical purposes. Simple models have been developed, which give a phenomenological representation of the cell activities. Their validity for describing eucaryotic cells is, however, limited to a relatively small range of culture conditions.
Nevertheless, simple models have been successfully used for process design (Dhir et al., 2000) . A survey on unstructured models for hybridoma cell growth and metabolite production is given by Pörtner and Schäfer (1996) . The authors also discuss the structured kinetic model of Batt and Kompala (1989) distinguishing four compartments inside the cell. The major substrates (glucose and amino acids) and metabolites (lactate and ammonia) are considered. Glutamine is distinguished ¡ Corresponding author, e-mail: haag@fpms.ac.be from the other amino acids to emphasize its important role in the metabolism, since it additionally serves as a carbon source besides a nitrogen source typical for amino acids.
During the last decade, mass balancing techniques have been used for Metabolic Flux Analysis to calculate the specific reaction rates in a considered metabolic pathway network in steady-state cultures (Zupke and Stephanopoulos, 1995; Bonarius et al., 1996) . Bonarius et al. (1997) discuss the problem of underdetermined networks and the choice of additional constraints. Metabolic Flux Analysis was also applied to determine the average network fluxes in batch and fedbatch cultures, assuming that the fluxes remain constant during the experiments (Xie and Wang, 1996) . works can be represented by macroscopic reactions relating extracellular components only. Based on rigorous assumptions, the model reduction procedure is systematic and allows an equivalent 'input-output' representation of the system (i.e. a representation in terms of extracellular components, such as substrates and products) to be derived. The resulting macroscopic reaction scheme can be useful for system analysis as well as for the development of model-based optimisation, sensor and control techniques.
The paper is organized as follows. In section 2, the representation of a metabolic system including intracellular metabolites is introduced and a procedure to reduce this system to an equivalent macroscopic reaction scheme is developed. By means of two examples, the theoretical aspects are illustrated and the properties of the derived class of dynamic metabolic models are discussed in section 3. Section 4 gives some concluding remarks and highlights the potentials of the proposed modelling approach.
can be neglected with good approximation. Then equation (3) 
For a given stoichiometry § i , equation (5) . Then the whole set of algebraic equations that defines the specific reaction rates is written
Its solution exists, if the combined matrix § is of full rank:
It is obvious that the first 
Using (9) in (2) and (1) . Thus, a new reduced global reaction scheme is defined consisting of at most as many reactions as the dimension of the constraint vector X . It is therefore shown that the consideration of intracellular metabolic reactions with metabolites in quasi-steady state possesses an equivalent macroscopic scheme with a global stoichiometry between extracellular components only.
A major advantage of the metabolic modelling is the use of existing physical knowledge, i.e. the stoichiometry of the most important metabolic pathways. The modelling and identification effort can therefore be concentrated on the system kinetics formulated in X ¡ 4
. In addition, regulatory mechanisms can be included at this stage, although this is restricted to the dependence on extracellular concentrations.
Note that some care must be exercised in selecting the constraints in X ¡ 4
, which often depend on a few components only, e.g. the uptake rate of a component being formulated in terms of its extracellular concentration. The consequence could be that some other extracellular components are consumed in the global reaction independently of their concentrations. This becomes especially critical in the case of a nonzero reaction rate at a zero concentration, since the corresponding concentration would become negative. Strictly speaking, the kinetics have to be formulated in such a way that, for a zero concentration of a consumed component, the respective macroscopic reaction rates vanish.
EXAMPLES
A few examples are given in this section to illustrate the impact of the formulation of the constraint vector
-representing the kinetics -on the global stoichiometry. A simple example is first considered, followed by a more realistic example of hybridoma cell metabolism taken from the literature (Zupke and Stephanopoulos, 1995) .
A simple example
Consider the biological system consisting of two substrates, and . The following reaction scheme is assumed:
The reaction scheme is also visualised in figure 1. 
and constraint arrays:
Consequently, the flux vector
5
can be written as a linear transformation of the defined specific reaction rate vector X 7 5 7 5
according to equation (9):
and the following global reaction scheme results according to the matrix § u e in equation (10):
The explanation of the first reaction with rate 7 is straightforward, as it can be easily obtained by combination of reactions 1 and 2, and the yield from substrate to product £ ¤ ¥ remains the same as in reaction 1. The second reaction is the consequence of the need for the intermediate metabolite a minimal equivalent set of reaction equations, suppressing the intermediates just used for balancing. Technically, the 'white-box' model is reformulated as an equivalent 'input-output' representation.
Case 2. Constraint on product formation. The effect of a small modification in the model formulation is investigated next: the second constraint (12) on the uptake rate of ¡ is replaced by the specification of the production rate of
In this case, the constraint matrix becomes § 6 W ¥
W ( e and the resulting global stoichiometry is written then
The production of £ 0 ¥ is here, in contrast to the previous case, decoupled from the uptake of , which is due to the explicit definition of the kinetics of these two components. The substrate Case 3. Linearly dependent fluxes. Another kind of constraint that is often used to define a metabolic system kinetically is to linearly relate -i.e. to associatefluxes to each other. In this example, such a constraint could be to fix the ratio between the consumption of and the production of
Using the special case with
as the second constraint, while the first constraint remains the same as in case 1, the global reaction scheme becomes Since the right-hand side of the second constraint (15) is equal to zero, the global reaction system is reduced to one equation only. The second equation in the system becomes therefore meaningless. In this case, the complete set of reactions 1 to 4 is reformulated in one global reaction driven by the uptake rate of substrate .
This global reaction scheme represents a stronger model reduction compared to the previous cases, since there is only one global transformation from the substrates to the products, i.e. the dynamics of all component concentrations are linearly dependent. The missing degree of freedom is taken by fixing the value of ¥ , which could also be considered as unknown parameter in the model identification procedure.
One problem becomes apparent in this example case, which was not evident in the detailed reaction system: The (global) kinetics is formulated as a function of the concentration of and does not depend on the second substrate, which could however be limiting under certain circumstances, since it appears as a reactant in the global reaction equation. Clearly, there is no precaution that prevents the concentration 7 5
from becoming negative in the case where
To avoid this problem, the kinetics would have to be rewritten such that
Otherwise the model would be restricted to cases with non-limiting concentrations of ¡ , which would limit the range of validity of the reaction model.
Hybridoma cell metabolism
The last example is the metabolic network considered by Zupke and Stephanopoulos (Zupke and Stephanopoulos, 1995) . It consists of totally 2 V 3 ¥ R reactions including the elementary pathways glycolysis, the pentose phosphate pathway, the tricarboxylic cycle, the oxidative phosphorylation as well as cell maintenance, cell growth and antibody production. 21 components are balanced, among them
intracellular metabolites and co-metabolites assumed in quasi-steady state (see table 1). Table 1 . Reaction scheme of hybridoma metabolism considered by Zupke and Stephanopoulos (1995) . (1) The glucose uptake depends on its extracellular concentration, e.g. Michaelis-Menten kinetics:
Glc T (2) The glutamine uptake is also described in function of its extracellular concentration:
Gln T (3) The specific maintenance rate is constant:
The antibody production follows LuedekingPiret kinetics (Luedeking and Piret, 1959) : transports not only glucose into the metabolic system, where it reacts to the metabolite lactate. At the same time the glucose uptake effects the turnover of carbon dioxide into oxygen. This is easily explained by the energy production in the glycolysis pathway, and the fact that obviously the most important extracellular 'energy equivalent' is oxygen, as it is observed in the other global reactions. For instance, the maintenance (7 ¥ ) is globally represented by the consumption of oxygen. Also the energy-requiring biosynthesis (7 £ ) and antibody production (7
9
) lead to oxygen consumption. The antibody is globally produced in two independent steps due to the assumption of partly growth-associated production kinetics. It occurs therefore independently of growth in the global reaction 7 9
and as a side product of growth 7 £ . The biosynthesis globally leads to the consumption of all essential precursors. Glucose does not appear in the growth reaction, because its uptake rate is formulated independently of the growth rate. It is, however, remarkable that the growth stoichiometry includes glutamine. This is due the additional occurrence of this amino acid in the stoichiometry of flux 4 | { (biosynthesis) besides its consumption for glutaminolysis.
CONCLUDING REMARKS
The various examples in section 3 show the capabilities of the model reduction procedure: it allows to simplifiy complex metabolic reaction networks such that a simpler and clearer representation of the relationship between extracellular components is obtained. It therefore provides a link between detailed metabolic models and unstructured macroscopic models.
It is guaranteed that, in the case of intracellular quasisteady state, a macroscopic scheme with constant 
